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Abstract

Motivated by the self-cleaning phenomenon, we model and simulate the behavior of water
droplets in contact with rigid surfaces of pre-defined contact angles, over several length-scales.
The interaction of pollutant particles with water droplets is also investigated. The mathematical
model is formulated within a continuum mechanical framework in two-dimensional space, while
the numerical implementation is based on the finite element method (FEM). Results highlight
the importance of investigating local contact angles observed at finer scales, as they are more
accurate than those observed globally at larger scales.

Keywords: Self-cleaning mechanism, nonlinear finite element analysis, droplet membranes,
Stokes flow, contact on rough surfaces.

1 Introduction

Self-cleaning phenomenon is observed in some natural surfaces such as lotus leaves and bird
feathers. These are hydrophobic surfaces which repel water by minimizing the contact area,
allowing water droplets to roll and/or slide off the inclined surface, and sweep away pollutant
particles. Several industrial applications are principally based on such a mechanism. The
behavior is primarily driven by the roughness of the underlying surface. However, a complete
understanding cannot be developed without considering all the mechanical principles involved.
These include the role of surface tension of the droplet membrane, the flow behavior inside the
droplet, the contact mechanics of the droplet with the rigid surface, the contact angle behavior
at the three-phase contact line, and the interaction between the droplet and pollutant particles.
Interest in hydrophobicity is not a recent phenomenon. In 1805, Young [1] introduced the
notion of contact angle as an inherent material property of a liquid-fluid-solid system. He
used the balance of tangential forces arising from various surface tensions and determined the
contact angle for a drop resting on a solid surface. However, the model presented by Young
did not account for surface roughness. Wenzel [2] in 1936 extended the Young equation to
take into account the effect of surface roughness through a surface roughness parameter for a
droplet in intimate contact with a rough surface (non-composite state). Composite contact i.e.
contact where air is trapped between droplet membrane and surface roughness was studied by
Cassie and Baxter [3]. They found out that hydrophobicity can be enhanced by having high
air-surface fraction for the underlying surface. The surface characteristics governing whether a
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droplet will be in composite or non-composite state were analyzed extensively in a theoretical
study performed by Johnson and Dettre [4]. This was done by varying the idealized surface
roughness parameters and plotting the curves of free energy as function of the contact angle.
They observed that for high surface fraction, the surface is more likely to be in composite state.
However, it was not until 1996, when Onda et al. [5] fabricated superhydrophobic surfaces by
coating with alkylketene dimer (AKD), that interest in self-cleaning surfaces and their industrial
applications really picked up. Carre and Mittal [6], Yan et al. [8], and Li et al. [7] provide a more
recent review on the practical advancements in superhydrophobicity and wetting processes.
The numerical treatment of droplet membranes started back in the early 80′s by Brown and
coworkers [9], who modeled static droplets on inclined flat surfaces and used the Finite Element
Method (FEM) for implementation. Tang and Harris [10] investigated liquid wetting on rough
surfaces at the molecular level. Dynamic wetting was described by Sprittles et al. in [11], within
an FEM framework.
In this work, we model a system composed of a single water droplet in contact with a rigid surface
and a pollutant particle. We present a solution strategy based on a de-coupled approach, where
the droplet membrane deformation is first computed, based on the Young-Laplace equation and
contact conditions (section 2). The resulting solution then defines the spatial domain for the
liquid model which is based on Stokes flow (section 3). The entire problem is analyzed within
the framework of FEM. The approach has the potential to be applied to quasi-static and steady
state droplets in contact with rigid surfaces. The interaction between rigid pollutant particles
and the water droplet is discussed in section 2.4. Results and discussions follow in section 4.

2 Droplet membrane

The droplet membrane is modeled in two-dimensions within the framework of non-linear contin-
uum mechanics, based on the Young-Laplace equation. Brown et al. [9] modeled the membrane
as an open surface, treating the contact line as a prescribed Dirichlet boundary condition. This
approach cannot capture the surface contact, especially on non-flat surfaces. We extend this
formulation to include surface and line contact, by treating the droplet as a closed surface. This
means the contact line is introduced as a constraint within the closed surface domain, whose
location is unknown during the solution. In order to account for the incompressibility of the
water droplet, a volume constraint is imposed as a Lagrange multiplier.

2.1 Governing equations in strong form

The nonlinear membrane of the droplet is described by the Young-Laplace equation,

2H̃γ = 4p̃, (1)

where 2H̃ is the mean curvature of the membrane, and γ is the surface tension of the liquid.
For the quasi-static case, the pressure difference across the interface 4p̃ is defined as

4p̃ = p̃− p̃c, p̃ = p̃0 + ρgỹ, (2)

where p̃ is the internal liquid pressure acting on the membrane comprising p̃0, the capillary
pressure and ρgỹ, the hydrostatic pressure at height ỹ, while p̃c is the contact pressure acting
on the outside. p̃0, which governs the local volume change of the liquid, is obtained from the
incompressibility constraint,

gv = J − 1 = 0, (3)
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where J :=det F is the determinant of the deformation gradient F. For the ease of computations,
Eq.(1) is normalised by L/γ, where L is an arbitrary characteristic length,

2H = λ+ B0 y − pc [−], (4)

where H = LH̃, λ = L p̃0/γ, B0 = ρgL2/γ, y = ỹ/L, and pc = L p̃c/γ. The mean
curvature is defined as the surface divergence of the normal vector n on the membrane surface,

2H := −∇S · n, (5)

where the surface gradient operator is defined in terms of the common gradient operator ∇ and
the outward normal component as,

∇S := (I− n⊗ n) ·∇, (6)

where I is the identity tensor. The surface position vector r in a Cartesian coordinate system
is defined as:

r = xex + yey, (7)

with the magnitude r =
√
x2 + y2, where x and y are the spacial variables of r. Normalized

surface tangent at and normal n vectors w.r.t membrane surface S are then defined as:

at =
x′ex + y′ey√
x′2 + y′2

, n =
y′ex − x′ey√
x′2 + y′2

, (8)

where ( )′ = ∂( )/∂s is the derivative w.r.t the curve length s on the surface S.
Due to the high non-linearity of the curvature term, we define a circle of radius RB as a base
surface SB, over which the actual membrane surface is mapped. The corresponding normal and
tangent vectors of the base surface read,

nB =
xex + yey

r
, aB =

yex − xey
r

. (9)

2.1.1 Surface contact

The pressure between the membrane and the substrate surface due to contact is computationally
obtained from the impenetrability constraint,

gn = (xs − xp) · np ≥ 0, ∀xs ∈ S, (10)

where gn denotes the normal gap between the two surfaces. xp is the projection of the membrane
point xs onto the substrate surface Γm in the direction np normal to Γm. The gap gn, measured
from xs to xp, is the solution of the minimum distance problem,

xp(xs) = min
∀xm∈Γm

(xs − xm), ∀xs ∈ S. (11)

The constraint in Eq.(10) can be enforced using several methods discussed in [12]. We use the
simple well-known penalty method, where the surface contact force tcs can be obtained from
the inequality constraint of the penetration condition:

tcs =

{
−εn gnnp, gn<0,

0, gn ≥ 0,
(12)

where εn is the penalty parameter, which numerically allows for a certain penetration. The
contact force in Eq.(12) is a numerical quantity which vanishes in the case of no contact (gn ≥ 0),
and has a non-zero value when the two bodies in contact penetrate each other (gn<0).
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2.1.2 Line contact

The contact line of a liquid droplet in contact with a solid surface is the boundary at which the
three phases (solid, liquid and gas) co-exist. Generally, the third phase is a fluid, which might
be also a liquid. This boundary changes with the contact surface, according to the properties of
the surface, i.e hydrophobicity. The contact line can be computationally treated as a constraint
gL, defined by the tangential force balance from Young equation,

gL = γ cos θc − γSG + γSL = 0, (13)

where θc is the contact angle measured inside the liquid between the solid and the liquid sur-
faces, while γSG and γLG denote the surface tension at the solid-gas and solid-liquid interfaces,
respectively. Alternatively, we can treat the contact line as an applied load along the contact
line L,

tcl = −
∮
L

1

rnc

(γSL + γ) n ·M dL, (14)

which is derived in section 2.2, where rnc is the radial position of the contact line (which is only
a point in 2D), n is the surface normal of the membrane, and M is tangent to the substrate
surface at the contact line and normal to the contact line. The term (n ·M) therefore vanishes
for θc = 180◦, and is non-zero for θc<180◦. This force is balanced with the surface tension forces
in the in-plane direction of the membrane at the kink (the contact line).

2.1.3 Surface roughness

Surfaces that appear flat at the macroscale (order of a few centimeters, Fig.(5a)), could be
rough at the mesoscale (order of fractions of millimeters, Fig.(5b)). This surface roughness
is responsible for the hydrophobic property, as it governs the contact with liquid droplets. In
order to investigate this effect, we model rough surfaces mathematically using a set of superposed
exponential functions of the form,

y(x) = A exp
(
− x2

h2

)
, (15)

where the surface shape is mainly governed by the asperity amplitude A, and width h. If we
zoom in further down to the microscale (order of a few micrometers), finer asperities can be
modeled on the rough surface (see Fig.(5c)). This double roughness surface is mathematically
modeled in 2D as follows:

y1(x1) = A1 exp
(
− x2

1

h2
1

)
, (16)

y2(s) = A2 exp
(
− s2

h2
2

)
, (17)

s =

∫
Sr

√
1 + x′21 dx1, (18)

where y1 represents the function of the surface Sr at the mesoscale level, with the corresponding
roughness parameters A1 and h1, while y2 is the function for the finer asperities at the microscale
level, with roughness parameters A2 and h2. The curve length s on Sr is defined in terms of
the spatial derivative x′1 = dx1/dy1 of the position variable x1 w.r.t y1.
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2.2 Weak formulation of the governing equations

We introduce a Cartesian based formulation for the Young-Laplace equation in 2D. Compared
to Brown et al.’s formulation [9], which is based on polar coordinates (see also [13]), we have two
independent variables x and y at each node, instead of only one (f(θ)). This provides better
consistency with the liquid formulation. On the other hand, an additional in-plane constraint
needs to be applied to compute the additional unknown.
Multiplying Eq.(4) by the test function φ and integrating over the membrane surface S, the
energy residuum G is defined as,

G =

∫
S

[
2H − (λ+ B0y − pc)

]
φ dS = 0, ∀ φ ∈ W, (19)

where W is a space which contains all the kinematically admissible spatial variations φ. The
residuum in Eq.(19) is typically expressed as the sum of internal Gint, external Gext and contact
Gc contributions to the energy,

G = Gint −Gext −Gc = 0 ∀ φ ∈ W, (20)

where

Gint =

∫
S

2Hφ dS, (21)

Gext =

∫
S

(λ+ B0y)φ dS, (22)

Gc = −
∫
S
pc φ dS. (23)

The surface divergence in Eq.(5) w.r.t the unknown surface S is mapped onto the base surface
SB [9], whose curvature is 1/RB, according to the relation,

∇S · n =
RB

r
∇B · n. (24)

Substituting this relation in Eq.(5) then in Eq.(21), and applying the chain rule yields,

Gint = −
∫
SB

∇B ·
(RB φ

r
· n
)

dSB +

∫
SB
n ·∇B

(RB φ

r

)
dSB. (25)

Applying the divergence theorem to the first term on the right hand side of Eq.(25) yields a
line and a surface integral,

−
∫
SB

∇B ·
(RB φ

r
· n
)

dSB = −
∮
L

RB φ

r
n ·M dL +

∫
SB

(φ
r
n
)
· nB dSB (26)

= −
∮
L

RB φ

r
n ·M dL −

∫
SB

φ

r

(
−y′x+ x′y

r
√
x′2 + y′2

)
dSB, (27)

where the line integral represents the contact line force discussed in Section 2.1.2, acting on the
contact line L. The second term on the right hand side of Eq.(25) reads∫
SB
n ·∇B

(RB φ

r

)
dSB =

∫
SB
n · eS

(rφ′ − r′φ
r2

)
dSB =

∫
SB

(rφ′ − rφ)(y′y + x′x)

r3
√
x′2 + y′2

dSB,
(28)

where eS = aB is the tangent to surface SB. Substituting Eqs.(27) & (28) into Eq.(25) yields

Gint =

∫
SB

[
−φr(x′y − y′x) + (rφ′ − r′φ)(y′y + x′x)

r3
√
x′2 + y′2

]
dSB −

∮
L

RB φ

r
n ·M dL, ∀φ ∈ W.

(29)
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2.2.1 Finite element implementation

The finite element setting used to implement the droplet membrane model is briefly discussed.
We discretize the deformed membrane surface S into ne finite elements, yielding an approxi-
mated surface Sh. According to Galerkin’s method [14] &[15], the geometry and its variations
can be approximated by nodal interpolations, using the same shape functions N,

N = [N1 N2 ... NI ], xh = Nxe, yh = Nye, φh = Nφe, (30)

where ye, xe and φe are the nodal values of the actual geometry and variations, respectively,
while I is the number of degrees of freedom (D.O.F) per element. Using the above approxima-
tions, the residuum in Eq.(20) can be expressed as:

G =

ne∑
e=1

Ge = 0, ∀ φ ∈ W, (31)

where the approximated residuum at the element level Ge is defined as:

Ge = φe
T

[
f eint − f eext − f ecs − f ecl

]
, (32)

with the corresponding force vectors of the residuals in Eqs.(22), (23), and (29),

f eint =

∫
Ωe

−NTrh(x′hyh − y′hxh) + (rhN′T − r′hNT)(y′hyh + x′hxh)

rh
3
√
x′h2 + y′h2

dΩe, (33)

f eext =

∫
Ωe

NT(λ+ B0y
h) dΩe, (34)

f ecs =

∫
Ωe

−NT(pc) dΩe, (35)

f ecl =

∮
Le

NT
(RB

r
n ·M

)
dLe, (36)

where rh =
√
yh2 + xh2 is the approximated radial position.

The surface contact pressure pc in Eq.(35) is obtained from the penetration condition in Eq.(12).
We note that the contact line force in Eq.(36) is derived from the internal energy residuum
(Eq.(29)), which implies that the contact line is imposed internally within the solution, and not
as a boundary condition as in [9].
An additional equation in the tangential direction is obtained from the fact that the surface
tension is constant in the droplet membrane. This can be numerically translated to a constant
element length constraint,

gle =

∑ne
i=1 l

e
i

ne
− lei = 0, (37)

where lei is the length of each element i, defined as:

lei =

∫
Ωe

‖at‖ dΩe. (38)
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2.3 Model verification

The mathematical formulation of the Young-Laplace equation in two-dimensional polar coordi-
nates, derived in [13], can be obtained from the Cartesian formulation above, by substituting
x = f cos θ, and y = f sin θ in Eq.(29), where f is the radial position at an angle θ in the
polar coordinate system. Solutions based on both formulations were compared and found to be
almost identical. The convergence based on L2-norm for both solutions is computed according
to the following inequality equation:

‖uh − u‖2 ≤ Chp+1, (39)

where u is the analytical solution, uh is the numerical solution, h is the element size of the
FE approximation, p is the polynomial order of approximation, and C is a constant which
depends on the chosen mesh. Fig.(1) shows the convergence of both solutions, which verifies
the Cartesian based formulation.

2.3.1 Force equilibrium

Two static force equilibrium checks were performed for the verification of the numerical solution
introduced in Section 2.2.1. First, we check the global equilibrium for a droplet in contact with
a flat surface (Fig.(2)), comprising the weight force of the droplet FV , the surface contact force
FCs, and the contact line force FCl, defined as follows,

FV = ρgV, (40)

FCs = πa2(p0 + ρgy), (41)

FCl = 2πaγ sin θc, (42)

where a is the contact line radius. Second, the force equilibrium is checked locally at each point
on the membrane, using the dimensionless strong form of the Young-Laplace equation (Eq.(4)).
Forces here are computed in a post-processing step after the solution is obtained. We consider
half a droplet in contact with a flat surface (Fig.(3)), and with a rough surface (Fig.(4b)).
The forces acting locally comprise the hydrostatic and capillary pressure forces acting on the
membrane surface, the contact force acting on the contact surface, and the internal force due
to the curvature. In Fig.(3), the contact force is balanced with the hydrostatic and capillary
pressure forces in the single contact region where the droplet membrane is in contact with the
flat surface, while the force due to the curvature is zero (flat surface). For the rest of the domain,
where no contact occurs, the contact force vanishes, and the membrane is balanced by the other
three forces. In the case of contact with a rough surface (Fig.(4b)), two contact regions are
observed at the two asperities (shown in Fig.(4a)), where high peaks in the contact force are
obtained. This is due to the kink produced at the line contact (here, θc = 150◦), which causes
a sharp change in the force. We notice here that the curvature has a non-zero value in the last
two contact regions which are no longer flat.

2.4 Particle-droplet interaction

The attachment/detachment of solid particles to/from a water droplet is governed by a set of
interaction forces. Schulze[16] has performed a force analysis to study the stability of solid
particles attached to air bubbles in flotation processes. For the droplet case, we consider four
contributing forces: 1) the weight of the particle FV , 2) the contact line force FCl along the
contact line depending on the contact radius a, the normal position u, and the contact angle
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θc, 3) the force FH due to the hydrostatic pressure acting on the interface contact area in terms
of the meniscus depression 4h[17], and 4) the buoyancy force FB of the immersed volume of
the particle. These forces are computed analytically, except for the force due to the hydrostatic
pressure, which requires a numerical solution of the water meniscus formed around the attached
particle, in order to compute 4h. Analysis of these forces was discussed in [17], where the
contact line force was found to be the dominant force governing the attachment/detachment
of small pollutant particles to water droplets of size smaller than 100 µm. For larger droplets,
numerical solution of the water meniscus is required to perform the force equilibrium analysis.

3 Flow Model

3.1 Governing equations

We consider slow moving, small water droplets where inertial effects can be neglected and the
bulk liquid behavior can be assumed to be governed by the Stokes flow model. For a domain
B ⊂ Rnsd , where nsd is the number of spatial dimensions, with boundary ∂B = ∂vB∪∂tB, where
∂vB represents the Dirichlet boundary, and ∂tB denotes the Neumann boundary, the Stokes flow
model gives the following momentum and mass balance respectively,

∇ · σ + ρb̄ = 0, (43)

∇ · v = 0, (44)

where v denotes the velocity, b̄ represents the body forces acting on B, and σ denotes the
Cauchy stress tensor. For Newtonian liquids, σ is given by the following constitutive law,

σ = −pI + 2µd, (45)

where d = 1
2(∇v + ∇vT) is the symmetric part of the velocity gradient tensor and µ is the

dynamic viscosity of the liquid. Eq.(44) represents the incompressibilty constraint which is syn-
onymous to the one given by Eq.(3). The model is closed by the following boundary conditions
for the velocity and the stress field,

v = v ∀ xs ∈ ∂vB, (46)

σ · n = t ∀ xs ∈ ∂tB, (47)

where v is the imposed velocity and t is the the traction on ∂B.
The Stokes model is analyzed in the framework of finite element method which requires evalu-
ation of Eqs.(43) & (44) in its variational (weak) form. For the weak formulation of the Stokes
model, the trial functions (v, p) and the test functions (w, q) can be chosen from the following
spaces,

Sv = {v|v ∈ H1(B), v = v on ∂vB}, (48)

Vv = {w|w ∈ H1(B), w = 0 on ∂vB}, (49)

Sp = Vp = {q|q ∈ H1(B)} (50)

where H1(B) represents the Sobolev space of functions having square integrable derivatives of
first order on the domain B. The weak formulation, after integrating by parts and applying the
divergence theorem, is given as:
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Find v ∈ Sv and p ∈ Sp such that,∫
B
∇w : σ dB −

∫
∂tB
w · t̄ ∂tB −

∫
B
w · b̄ dB = 0, (51)∫

B
q(∇ · v) dB = 0, (52)

∀w ∈ Vv and q ∈ Vp.

3.2 Finite Element implementation

Similar to the membrane model, the Stokes flow model described by the weak formulation
illustrated in Eqs.(51) & (52) is solved using the finite element method. The domain B is
discretized by nel finite elements where each element is represented by Be. The discretized
function spaces can then be written as:

Sh
v ={vh|vh ∈ H1h(B),vh = v̄h on ∂vBh}, (53)

Vh
v ={wh|wh ∈ H1h(B),wh = 0 on ∂vBh}, (54)

Shp = Vhp = {qh|qh ∈ H1h(B)}, (55)

where h denotes the discretized space. The discretized finite element formulation can then be
stated as:
Find vh ∈ Sh

v and ph ∈ Shp such that,

nel∑
e=1

(∫
Bhe

∇wh : σh dBhe −
∫
Bhe
wh · b̄h dBhe −

∫
∂tBhe

wh · t̄h ∂tBhe

)
= 0, (56)

nel∑
e=1

∫
Bhe
qh(∇ · vh)dBhe = 0, (57)

∀wh ∈ Vh
v and qh ∈ Vhp .

The weighting and trial functions at any point xs within element e are approximated using
interpolation functions (shape functions) in the following manner,

vh =

n∑
A=1

ÑAvA = Ñve,

wh =
n∑

A=1

ÑAwA = Ñwe,

ph =

n̂∑
A=1

N̂ApA = N̂pe,

qh =
n̂∑

A=1

N̂AqA = N̂ qe, (58)

where ÑA and N̂A are shape functions corresponding to node A for velocity and pressure in-
terpolations, respectively. n is the number of nodes for the velocity interpolation in element e
while n̂ is the number of nodes for the pressure interpolation in the same element. The element
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level matrices Ñ, N̂, ve, we, pe and qe for element e are defined as:

Ñ =
[
Ñ1I, Ñ2I, Ñ3I, ........., ÑnI

]
,

N̂ =
[
N̂1, N̂2, N̂3, ........., N̂n̂

]
,

vT
e =

[
vT

1 , v
T
2 , vT

3 , .......,vT
n

]
,

wT
e =

[
wT

1 , w
T
2 , w

T
3 , .......,w

T
n

]
,

pT
e = [p1 , p2 , p3 , ......., pn̂ ] ,

qT
e = [q1 , q2 , q3 , ......., qn̂ ] , (59)

where I is the identity matrix. The index in the subscript denotes the node in element local

numbering. The body force b̄
h

and traction t̄ h are also represented in similar manner as,

b̄
h

= Ñ b̄e and t̄ h = Ñ t̄e. Substituting Eq.(58) and the constitutive relation of Eq.(45) in the
discretized finite element formulation of Eqs.(56) & (57), the following expression is obtained:

nel∑
e=1

wT
e

[∫
Bhe
BTCaB dBhe ve −

∫
Bhe
BTCbN̂ dBhe pe −

∫
∂tBhe

Ñ
T
Ñ ∂tBhe t̄e −

∫
Bhe

Ñ
T
Ñ dBhe b̄e

]
= 0,

(60)
nel∑
e=1

qe

∫
Bhe

[
BTCbN̂

]T
dBhe ve = 0.

(61)

In-order to represent Eqs.(60) & (61) in a force balance form, the following definitions are
considered:

Gint = wT
e feint =

∫
Bhe

∇w : µ
(
∇v + ∇vT

)
dBhe −

∫
Bhe
p (∇ ·w) dBhe

= wT
e

{∫
Bhe
BTCaB dBhe ve −

∫
Bhe
BTCbN̂ dBhe pe

}
, (62)

Gext = wT
e feext =

∫
Bhe
wh · b̄h dBhe +

∫
∂tBhe

wh · t̄h ∂tBhe

= wT
e

{∫
∂tBhe

Ñ
T
Ñ ∂tBhe t̄e +

∫
Bhe

Ñ
T
Ñ dBhe b̄e

}
, (63)

Gcont = qT
e he =

∫
Bhe
qh(∇ · vh)dBhe = qT

e

∫
Bhe

[
BTCbN̂

]T
dBhe ve, (64)

where B = [B1,B2, ....,Bn] is the symmetric gradient operator such that,

∇svh =
n∑

A=1

BAvA = Bve. (65)

The matrices Ca and Cb are constitutive matrices. For two-dimensional Newtonian fluid,

Ca = µ

 2 0 0
0 2 0
0 0 1

 , Cb =

 1
1
0

 , & BA =

 ÑA,x 0

0 ÑA,y

Ñi,y ÑA,x

 , (66)
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where A is the node being evaluated. The energy balance can then be written as:

nel∑
e=1

wT
e

{
feint − feext

}
= 0, (67)

nel∑
e=1

qT
e he = 0. (68)

The summation over all the elements is performed using an assembly operator which takes
element level values obtained from Eqs.(62) - (64) as input and places them at appropriate
locations in the global matrix, ultimately leading to the following global system:

wT {fint − fext} = 0, (69)

qTh = 0. (70)

Eqs.(69) & (70) have to be true for all (w, q). The arbitrary test functions (w, q) are zero on
the ∂B, hence for all interior nodes the following finite element formulation is obtained,

fint − fext = 0, (71)

h = 0. (72)

3.3 Normal and tangential velocities at the boundary

In order to effectively model the behavior of a rolling droplet, boundary conditions in terms of
normal and tangential velocities need to be specified at the droplet membrane. This requires
rotation of the axes at the boundary nodes to the local normal-tangential (n− a) direction as
well as alignment of the momentum equation at the concerned boundary nodes to the (n− a)
axes. The normal and tangential velocities are then applied at the boundary nodes. The system
is solved for the unknowns. Once the solution is obtained, the axes at the boundary nodes can
then be rotated back to align with the global coordinate system through an inverse rotation
matrix.
Computation of the rotation matrix at a boundary node requires the determination of the
directional normal vector at that point. Consistent mass normals [18] are used for this analysis.
In this method, the principle of global conservation of mass is used in a Finite Element setting to
define a unique direction of the outward pointing normal vector at the node i on the boundary.
This leads to the following definition for unit outward normals:

nix =
1

ni

∫
B

∂Ñ
i

∂x
dB, niy =

1

ni

∫
B

∂Ñ
i

∂y
dB, (73)

where,

ni =

(∫
B

∂Ñ
i

∂x
dB

)2

+

(∫
B

∂Ñ
i

∂y
dB

)2
 1

2

, (74)

where Ñ
i

is the shape function associated with node i. The rotation matrix for node i is then
given as:

Ri =

[
aix nix
aiy niy

]
, (75)

where the components of the tangent vector a can be obtained by considering that n ⊥ a.
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4 Results

4.1 Multiscale view of contact

We compute the equilibrium configuration of a static droplet in contact with a rigid surface,
for a given initial volume, imposed contact angle and surface roughness parameters. Three
different length scales are considered (Fig.(5)); macroscopic (order of centimeters), mesoscopic
(intermediate scale), and microscopic (order of micrometers). Modeling and computations in the
three length scales are based on a continuum mechanical setting, where no molecular mechanisms
are considered. On the macroscopic level, the rigid surface is observed to be flat, and only a single
contact line exists where the global contact angle is captured. Computationally, this means the
contact line constraint in Eq.(14) has to be applied only once. Zooming in on the microscopic
level where surface roughness is observed, several contact lines appear locally at the asperities,
and local contact angles are observed (see Fig.(4a)). The contact line constraint has to be
applied at each single asperity, in order to maintain the surface contact angle. A heterogeneous
distribution of liquid and air is noticed in the contact region, where air is trapped in the air gaps
between the asperities. At the microscale level where finer asperities are captured (Fig.(5c)),
smaller air gaps would exist, and further local contact lines appear at the finer surface. The
contact angle at this level is the effective (true) contact angle, which might differ from that
measured at a larger length scale. Molecular dynamics simulations could be used to explore
dynamic wetting at finer scales, as done by Quanzi and Zhao [19],[20], where the Young-Laplace
equation is modified by the disjoining pressure. Results shown in Fig.(5) are for a droplet with
Bond number B0 = 0.3, area= 1.1πmm2, surface roughness parameters A = 0.04, h = 0.08, and
a contact angle θc = 180◦.

4.2 Computational membrane model

The above computations were verified using analytical solutions. For example, a weightless
droplet (B0 = 0) in contact with a flat surface whose contact angle θc = 90◦, would form
half a circle of radius r = 1/H, which is the inverse of the curvature. The convergence of the
numerical solution (Fig.(1)) is shown to be almost identical to that of Brown et al.’s solution.
However, the proposed formulation showed difficulties with surfaces of large roughness, where
the center of the base surface does not lie in the internal membrane domain. This restriction is
due to the mapping of the surface divergence onto the base surface. A more general formulation
for membranes in the differential geometry form is recently introduced [21], where no such
restrictions exist. The penalty method is used to enforce the constraints in Eqs.(10) & (13).
Other approaches can also be used in the contact formulation [12].

4.3 Liquid flow model

The obtained structural configuration of the membrane describes the spatial domain for the
flow model. Considering the case of a steady rolling droplet at the microscopic level (Fig.(6)),
velocity constraints and traction forces are applied as flow boundary conditions along the local
normal and tangential axes. For a steadily rolling droplet, the velocity at any point xs on the
membrane is prescribed as the summation of the rotational velocity vrot and the translational
velocity vtran :

v(xs) = vrot + vtran = v0a− v0ex ∀ xs ∈ ∂vB (76)
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The Stokes flow model is solved in the framework of FE analysis using Q2/Q1 Taylor-Hood
elements [22]. Results for the case of a 2D water droplet with area= 1.1πmm2, θc = 155◦, Bond
number B0 = 0.3, and surface roughness parameters A = 0.1, h = 0.04, rolling on a rough
surface are shown in Fig.(6). Rolling droplets on a flat surface are discussed in [23].

4.4 Particle-droplet interaction

To illustrate the particle-droplet interaction, we consider a displacement driven attachment of a
small hydrophobic pollutant particle (θc = 120◦) to a large water droplet, whose surface appears
planar to the particle, as in Fig.(7). The contact line force acting on the particle is plotted over
the particle position (u) w.r.t the undeformed water droplet surface, as shown in Fig.(8). When
the particle is just touching the outside surface of the water (u = −1), it is subjected to an
adhesion force which pulls the particle towards the droplet (negative force), until an equilibrium
state is reached (zero force) at u = −0.5. Displacing the droplet furthermore would result in
a repulsive force (positive force) which tends to push the particle away from the droplet. The
resultant force is zero again when the particle is fully immersed.

5 Summary

The self-cleaning mechanism, observed in some biological surfaces, is computationally investi-
gated. Based on a continuum mechanics formulation, we attempt to develop a FE model which
simulates the behavior of water droplets and their interaction with rigid surfaces and pollutant
particles. The model is comprised of a droplet membrane, a fluid flow, and a particle-droplet
interaction, where the last term is not yet incorporated into the model. The three elements of
the model are solved in a de-coupled manner. Considering a multi-scale view of the contact
region, it was observed that local contact angles appearing at finer scales are more accurate
than the global contact angle measured at larger scales. Therefore, measurements of contact
angles at finer scales provide a better representation of the physical properties of the surface.
The attachment/detachment of solid pollutant particles to/from water droplets of size smaller
than 100µm is proven to be dominated by the contact line force, which can be computed an-
alytically [17]. Flow analysis based on a droplet in quasi-static state was performed. Steady
flow assumption was employed and the membrane of the droplet was not allowed to deform for
the flow analysis constituting a fixed domain. For a more realistic model, transient analysis
with a deforming membrane needs to be done. For such capability, coupling of the underlying
solvers and extension to dynamics are currently under development, and will be considered in
the future.
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Figure 1: Convergence of the numerical solution based on the introduced Cartesian formulation,
and Brown et al.’s formulation (in polar coordinates), implemented in 2D [13].

Figure 2: Global force equilibrium for a droplet in contact with a flat surface.
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Figure 3: Local force equilibrium for a droplet in contact with a flat surface [13].

14



0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

20

15

10

5

0

5

10

15

/  [ ]

Pr
es

su
re

 [
]

 

 

Hydrostatic+capillary
Curvature
Contact
Total

a) b)

Figure 4: a) Droplet (B0 = 0.3) resting on a rough surface with contact angle θc = 155◦,
representing the Cassie-Baxter state [3], where air is trapped in the gaps between the droplet
and the asperities. Line and surface contact constraints are applied at each asperity, b)
corresponding local force equilibrium.

a) Macroscale b) Mesoscale c) Microscale

Figure 5: Multiscale view of a droplet on a rigid surface, a) flat surface at the macro-scale,
with single surface contact region and contact line, b) rough surface at the mesoscale, with
multiple surface contact regions, and contact lines, and c) double-roughness surface at the
microscale, with finer surface contact regions and contact lines.
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